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ABSTRACT

We shall prove some unconnected theorems: (1) (G.C.H.)

Wqs1 = (0, + )3 when R, is regular, |¢|* < w,. (2) There
is a Jonsson algebra in ¥,.,, and Na+,,4—>[xa+,,]x1+,, if
2% =R,p ) If >N, is a strong limit cardinal, then
among the graphs with < } vertices each of valence < A there
is a universal one. (4) (G.C.H.) If f is a set mapping on w,
(N, regular) If(x) r\f(y)l < N,, then there is a free subset of
order-type & for every £ < w,,,

1. Introduction

We shall solve here some infinite combinatorial problems, most of which
appeared in Erdds and Hajnal [3,4]. The definitions appear in the appropriate
sections, and the background in the introduction. Two of the results appeared in
my notice [15].

Section 2 solves as a particular case a problem of Hajnal [6] which is Problem
36 of [3]. We prove (G.C.H.) that if f is a set mapping on w, 4, ¥, is regular, and
X # YEW 1~ [f(X)Of(W)] <N,, then for every & <@,y @+ has a free
subset of order-type . Hajnal's question was for « = 0 (and then G.C.H. is not
needed) and its solution follows from the strong theorem w, - (n<w,
¢ < w,) of Baumgartner and Hajnal [1], but this does not imply our general
result. In [4] another generalization of Problem 36 of [3], due to Prikry, is

mentioned :

THEOREM (Prikry). Let [w,)> =1, Ul,, IoNI; = . If there are no sets
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A,B < wy such that |A] =R, |B| =N, and A® B < I, then for every a < w,
there is a set C of type a such that [C]* = 1,.

In §3 we shall prove that for every strong limit singular cardinal 1 >N, (that is
u<Ai—28<)), in K, there is a universal graph. (K, is the set of graphs with 4
vertices such that the valency of each vertex is < A. A graph G is universal in K if
GeK;, and every graph in K, is isomorphic to a subgraph of G spanned by its
set of vertices.) This solves Problem 74 (from [3]) of Erdss and Rado. Rado in
[12,13] proved (G.C.H.) that for every regular ¥, > N,, K¢ has a universal graph.
He also proved (G.C.H.) that for regular N, = N;, K’y has a universal graph,
where K, is the set of graphs with <X, vertices. De Bruin proved Ky, does not
have a universal graph. Rotman [14] discusses the connection between Rado’s
theorem, and general model-theoretic theorems of Jonsson [8] and Morley and
Vaught [10] on the existence of universal (and homogeneous) models. Together
with Rado’s theorem, our result implies that (G.C.H.) for every « > 0, Ky_has a
universal graph.

We ask another natural question: is there a strongly universal graph, in the
sense that the embedding of each G* € K into it, preserves valency? We answer
this positively if =N, >|a| + N, and G.C.H. holds. If N, = «, the answer is
negative,

It remains an open question whether N, + |a| <, and G.C.H. are needed,
Similar questions remain open for the existence of a universal graph in K, and
K, |

In §4, we prove that if 2% < N,,, then &, ., [N,4.Jtor, and there is a
Jonsson algebra of cardinality N,,,. (I first proved this using the stronger
assumption that 2% =N, ,, and Galvin observed that the same proof works if
one assumes only that 28 <N, ,.) This generalizes the theorem of Erdss and
Hajnal [5] that 2%= R, implies N, ; -+ [N,+]%
and Hajnal [2] and Chang that then there is a Jonsson algebrain N, ;.

and the theorem of Erdos

In §5 we prove a combinatorial lemma which will be used in §6, and hopefully
it will have further application. Its intuitive meaning is that for suitable colorings
of w, ., there is a subset of the same cardinality in which appear only the colors
appearing ‘‘heavily”’ in @, ;.

In §6 we prove (G.C.H.) that if X, is regular, | £|* < N,, then w, .+, = (o, + £)3.

This generalizes an unpublished result of Erdss and Hajnal: w, - (@, + n)?
(see [4, Problem 10]). It should be noted that Hajnal, by a slight generalization of
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Prikry [11] proved, in fact, that ZFC + GCH is consistent with w, -+ (o, + w)*
and even w, »[w, +®]%,. It remains an open question whether w, —(w, + 2)3.

NortaTIoN. The cardinality of a set A is |A| and the order type of (4, <) is
denoted by tp(4, <) or simply by tp A if the order relation is understood. We
identify an ordinal with the set of smaller ordinals, the «’th infinite cardinal is
N,,and the corresponding initial ordinal is @,. Ordinals willbe i,j, k, [, a, 8,7, 8, &,{
(6 a limit ordinal), cardinals will be A, u,x, and natural numbers will be m,n. Let
M=%, . A Sets will be denoted by 4,B,S,X,Y,Z and elements of sets (which
are frequently ordinals) are denoted by a, b,v,x,y. [A]" is the set of all subsets of
A with exactly n elements. If 4,B, < S, xe 8§, S is ordered by <, then 4 < B
means yeA, zeB—-y<z; A<x means ye A -y <X, etc.

2. The existence of free subsets

DerINITION 2.1. A) A function f is a set mapping (of type 1) on a set S if its
domain is S, and for any ac S, f(a) € S, a¢f(a).

B) A subset S, of S is free (for f) if for any distinct a,be S, a ¢ f(b).

THEOREM 2.1. If f is a set mapping on A*, A =A* and for any distinct
x,y €At |f(x) Nf(y)| < A, then for any ordinal & < u*, A* has a free subset of
order type &.

Proor. If there is xe i, |f(x)| = A%, then {f(x), <) satisfies: tp (f(x), <)
= A%, and for y ef(x), | f() hf(x)] < A, hence by Hajnal [7] there is S < f(x),
tp (S, <) = A*, such that for any yeS, [f()) Nf(x)] NS = &, hence f(y) NS

=fMNFENS)=f(Nf(X))NS=¢. So S is a free subset of 1* of
order-type A*, and we get more than we want. Hence w.l.o.g.

(N |f(x)| < Aforany xei*.

Let us define a function F :1* —A4*, by Fi(x)=supU,., f(»). (As
Uyax f| A A<t cleatly Fi(x)eA* for xei*) Let §;={x:p<x
implies Fy(y) < x}. Clearly tpS; =A% and for xeS;, [f(x)NS;]c{y:y <x,
yeS,}, so wlo.g. §;=4% and
) f(x)sx={y:y<x} for any xel*.

For any sequence j = (y;: i <oy (y;€4%), define
C) = {z:(Vi<io) yi< z A yidf(2)]}.

Now define another function F,: A" — A% such that F,(x) is the least element
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satisfying the following: For any iy, < u, and sequence y = {y;: i < iy, y; < x, the
following holds:

A) If | C()| < A* then C(§) < Fy(x) [that is ze C(F) - z < Fy(x)).

B) If| C(5)| = A*, then | {z: x £ z < Fy(x), ze C(I)}| = A.

C) Ifx, <x,i;<u,z={z:i<i;yand

[CP)Nn{v:x; Sv<x]] e U f(z)
then there is such a Z for which x < Z < F,(x).

As A = A%, the number of such j’sis < 1, hence Fy(x) < A*. Let S, = {y:z<y
implies F,(z) < y}. Clearly the cardinality of S, is A* (in fact it is a closed un-
bounded subset of 1*). Let £ be an ordinal £ < u*; w.l.o.g. £ = u. Order the
elements of & 4+ 1 in a sequence of length u,¢ being the first: {a: o < &} = {o;:
i < p}, ag = & Choose an increasing sequence of elements of S, of length & + 2
{xs: B < &+ 2}. Now we shall define y; by induction on i such that:

1) X S Yi < Xy41

i) if j < ithen y; €f(y.), yi €/ (y)).

There is no problem in defining y,. Suppose > i > 0, and we have defined y;
for j < i. By (2) it suffices that the y; will satisfy

D X, £ i <Xg11

I j<iyo;<o;—y;¢f(v)
oD j<i, a; > o> y; ¢ f(y)).
If no such y; exists then

©) [CN{:x, Sv< xS U0 <iyay>a)
where C = C({y;:j <i, a; < o).

As x,,+1€8,, Fi(x,,) < x,,+ and even F(F,(x,)) < x,
Hence

@i+ 1

[CN{v:ix, Sv<F)(x,)}]c U{fyp:j<i, a;>a}.
As yo € C by the induction hypothesis (i), and F,(x,,) < x,,,, £ X,, < Vo, clearly
condition (A) of the definition of F, implies | C| = A*, hence condition (B) of
the definition of F, implies
4 |C N {v:x,, Sv<Fyx,)} =2

So from condition (C) of the definition of F,, and from (3) it follows that there
is {¥F:j<i, ;>0 such that Fy(x,) <y} < Fy(Fy(x,)) < X,+ and
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() [Cn{oix, Sv<F(x) 1€ V{f(y)):j<i, o> o).

From (3), (4) and (5), remembering i < pand cf (%) = u because A* = 1, it follows
that there are j, k, j <i, o; > o;, k <i, o > a;, such that

(6) [ NfYD| = A

But yf<x,4q = X, SY; SO y; yi, hence (6) contradicts the theorem’s
hypothesis.

Thus, we can define y; as needed. By condition (ii) of the inductive definition
(of y,) it follows that {y;: i < u} is a free subset of A*, and by condition (i) of that
definition it follows that tp{y;:i<u}=tp{xz: f <&+ 1} =&+ 1. Thus the
theorem is proved.

REMARK. We could have weakened the hypothesis of the theorem to:
(®)E: for every distinct y,,---,y, €A%, tp[NL_ 1 f(ym)] < p for any p < it =N,
and n < w; another weakening is (**), for every distinct y; i <x,| N f(y)| <4
for any x which satisfies X, < u = NJ < cf(4). The proof is essentially the same.

3. On the existence of umiversal graphs

The term ‘‘graph’’ will mean here an undirected graph with no loop and no
multiple edges (but the result can be generalized straightforwardly for those cases).
A graph G is an ordered pair {V, E), where V is the set of vertices and E < [V]?
is the set of edges. Here G, = (V,,E;> etc. The valency of acV is »(a,G)
=|{b: beV, (b,a)eE}|. A function f is an embedding of G, in G, if f: V; >V
is a one-to-one function, and for a,be V|, (a,b)c E, iff (f(a),f(b))eE,. G is a
(spanned) subgraph of G, if the identity function on ¥, is an embedding. G, is
embeddable in G, if there is an embedding f of G, in G, (that is, if G is isomorphic
to a subgraph of G,). For a cardinal 1 let K, be the class of graphs G such that
] V] <A and for aeV, v(a,G) < A. GeK, is universal in K, if any G, €K is
embeddable in G. Clearly, if A > N, is regular, then every component of a graph
GeK; is of cardinality < A. By this, Rado proved that if 1> ¥, is regular,
u < A—2% <), then K, has a universal graph. The following theorem shows this
is sufficient also for singular A.

THEOREM 3.1, If A >N, is a strong limit singular cardinal (ie. p <2 ->2¢
< ) then in K, there is a universal graph.

REMARK. For example A = 3, satisfies the conditions.
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PrOOF. As A is singular, let A= X, ., p, where y; <41, k <A, and w.lo.g
M <y for alimit ordinal & <k, s = X;<; ;. Denote u[i] = p;. We shal.
define an increasing sequence of graphs G; and functions f; for i < x such that:

1)if j < i then G; is a subgraph of G;

2) fi1 Vi >k, and for j < i, f; extends f;

3) for a limit ordinal § <k, Vs = U5 ¥V, Es = VUi E 5= Yol

4) I V;I =

5if i>j>k+3, acV;, f(a)=k, then {b:beV,, (a,b)eE}={b:beV,,
(a,b)eE;}

6) for any j < i, any graph G, V= {x;: | < y;,}, any function f from V into
x such that v(x,, G) < y[ f(x,)] and any embedding g into G; of the subgraph of
G spanned by {x,: I < p;} or the empty set such that for any a in the domain of g,
(Dom, g), f(a) =f(g(a)) and f(a) <j (a,b)cE=beDomg, there exists an
extension g’ of g which is an embedding of G into G, , such that f(x))=f;, (g'(x))
for I < pjyy.

We define G,, f; inductively. G, will be any graph of power p,, f, any function
from V, into k. For a limit ordinal 8, V; = U; .V}, Es = U;E}, f5=U,csfii
Suppose G, f; have been defined, and we shall define G, 4, f;4. The number of
triples (G, g,f> such that for some j < i:

a) V={x;: 1 <p}

b) fis a function from ¥V into x, such that v(x;, G) < p[ f(x,)]

¢) g is an embedding of the subgraph of G spanned by {x,: 1< y;} or the
empty set, such that for any ae Domyg, f(a) = f(g(a)), and (a,b)€E, f(a) <j
= beDomg

is < Ej<,.2“f+’~;c“f+‘-(ui‘”+ DE2"Z iy

Let {<G*% g f*>: a < w;,} be alist of all such triples (possibly with repetitions),
and G* = {x;: | < e}

Let Vooy =V, U{Ki+ La, 1>t at < 41, 1< tyay> Xy 18 DOt in the domain of g*},
Eiyy = E U {(a,<i+1,a,1)):a€eV, {i+1,a,1)eV,,,, for some l' a =g*x,)
and (x,x)eE} U {Ki+Lal), G+Lal): i+ 1,0, G+ Lol
€ Visrs (01, xp) € E,

fia) aeV,
fir1(a) =
Fi4x) a={,i+1al).

It is easy to check that all conditions are satisfied. Now | ¥, | = 2 by (3), (4) and if
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acV, then acV, for some i; hence, letting k = max(i,f(a)) <k, we get by
condition (5)

U(a’GK) = I{b bera (ayb)EEK}I =:I{b: bEVk+4a(aab)EEk+4}I
< IV;c+4| = fys <A

So G, €K, We shall show that G, is universal, thus proving the theorem. Let
G* e K,. We can easily define an increasing sequence of subgraphs G¥ such that

A) I I/x*l =

B) ac V¥, (a,b)eE, v(a, G*) < y; implies be V*

Q) if ae V¥, v(a, G¥) 2 y; then v(a, G}) = ;

D) for a limit ordinal 6 <k, V) = U, V. *
Let f: V* -k be such that u[f(a)] = v(a, G*). Now w.lo.g. Vi*={x,;:1 < p;}
(otherwise replace G* by a suitable graph isomorphic to it). Now we can
define by condition (6) an increasing sequence of embeddings g, of G into G, ,

such that if a € V;* then f(g(a)) = f(a). Then clearly g, = U g, is the required
embedding.

DEFINITION: A graph G is strongly universal in K if Ge K; and every G*€ K
can be embedded into G by a valency-preserving g (that is, g: V* >V is an
embedding, and v(a, G*) = v(g(a), G) for any a € G*).

TurorReM 3.2 (G.C.H.). If A is singular, 2 =R, >k =|a| + N, then in K,
there is a strongly universal graph.

REMARKS.

1) Instead of G.C.H., we can assume there is u < A such that for any x, u <x
<Akt =2

2) For regular A, assuming G.C.H., there is a strongly universal graph in
K;-—Rado’s proof provides it in fact. We just have to take a graph G such that for
a connected G* € K, there are 4 components of G isomorphic to G*.

Proor. For any graph G* € K, we can find G i < A such that:
1) for j < i, G} is a subgraph of G},
2) if § £ A is a limit ordinal then U;_;V;* =V, and G} = G*,

3) | V*|=|i| +x and if ae V¥, beV*, (a,b)eE and v(a,G*) S| V|, then
beVX

4) If ae V¥ v(a,G*) 2|V} | then v(a, G*) = | V;¥|.
This can be done easily. The only difficulty is in condition (3) for a limit ordinal i.
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For each ae V*, let C(a,G*) = {b: be V*, (a,b) € E*}, let <, be a well ordering
of C(a, G*) of order-type | C(a, G*)|, and when defining inductively G* demand
in addition to (1)-(4)

5) if ae V}¥, the first | ¥;*| members of C(a,G*) belong to V;* (first by <,).

Now we can define inductively G, f; for i < 4 such that

A) for j < i, G, is a subgraph of G, f;: V;—» « and f; extends f;,

B) if § £ 1 is a limit ordinal then U, ;V;=V;, and G = U,_,G,,

O Vil =il +x.

D)foraeV;, j<i, X, <|V;| iff forno beV,—V; (a,b)€E,

E) if ae ¥, ¥, S| V|, then v(a,G) = X ),

F) if G* is a graph, IV*I =k, f*: V* >k and for aeV*, v(a,G*) =min
[%,% o)), then there is a j < k* and an embedding g of G* into G; such that for
aeV* flg(@) =f*a),

G) Suppose Gf is a subgraph of G, f*: V> «; fora<V,* v(a,G3) = min
[[V*], Njuql, for any aeGy v(a,G}) =v(a,G3) and Ry, <|V5| implies
(VbeV3) [(a,b)e E3 > beV{¥]. Suppose in addition that i <, |Vi|= |V}
= | il + K, g, is an embedding of G} into G;, and for any a € V¥, f(g,(a)) = f*(a).
Then thereisj, i < j <(| i[ + x)*, and an extension g, of g, which is an embedding
of G; into G;, and for any ac V3, f{(g,(a)) = f*(a).

This is possible because for each i, (F) and (G) produce 2"1** =(|i | +x)*
demands, which we scattered among the j + 1 <(|i| + ¥)*; so defining G,,,,
fi+1, we have £ | j[ + x demands for extending embeddings. Now given a G*, as
mentioned before, we can define G.* satisfying (1)-(4), and let f: V* -k be such
that v(a, G*) = N,,,. Then by (F), we embed G, and by (G), we extend the
embedding inductively.

THEOREM 3.3. If N, =0a, N, singular then there is no strongly universal
graph in K.

PRrOOF. Suppose G is such a graph. Let « be the cofinality of X,, N, = X, ., 4,
A < W, Let {x;: i < iy £ V,} be the set of vertices of G of valency k. Fo1 i <k, let
S; = {v(y, G): there is j < 4, such that (y,x;) € E}. As v(x;, G) = k, for each j there
are k y’s for which (y, x;) € E. Hence | S;| £ - A; < R,. Choose a cardinal y; < ¥,,
U; ¢ S;. Define a graph G*:

*={x}U{yri<etU{z; ) <w, i<y

E* = {(x’yj):j < K} U{(yj’zj‘i):j <K, i <HJ'}’
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Suppose g is a strong embedding of G* into G. Then »(g(x), G) =k, hence there is
k < iy such that g(x) = x,. Let k < 4;, then (g(y;), x,) €E, so v(g(y;), G) € S;. But
v(y;, G*) = u; ¢ S;, a contradiction.

REMARK. Another universal graph which exists is as follows. Let T be a set
of finite graphs, K; be the class of graphs G, such that every finite spanned-
subgraph of G is isomorphic to a member of K. Then (G.C.H.) for 8, = ¥; > N,

among the graphs in Ky of cardinality < N, and chromatic number < N;, there
is a universal one.

4. On the existence of Jonsson algebras

An algebra, here always with countably many functions, is a Jonsson algebra
if every proper subalgebra has a smaller cardinality.

For cardinals A,u,x and natural number n, A - [u]; means that for every
function f:[A]"— k there is S < A and iy <« such that [Sl =pu and for no
distinct a,,---,a,€8, f(as,-,a,) =i, The negation of this statement is
A-~[u)i. As mentioned in Erdss and Hajnal [2], A+ [A]} implies there is a
Jonsson algebra of cardinality A (if f is a function for which the definition fails
then (4,f) is the desired algebra).

THEOREM 4.1. If 2% <N, ., then there is a Jonsson algebra of cardinality,
N

a+n:

By the last remark it suffices to prove

THEOREM 4.2. If 2% < N,., then N, 1, [Nysnlir !

at+niIN,+n*

Proof. We shall define by induction on m < n functions F,, with m places,
with domain N,,,, and range the family of subsets of N,,, of cardinality <
Notnom Form=0,F,( Y=N,,.

Suppose m < n and F,, has been defined. Then for every ay, -, d, €Ny
choose a well ordering < (d = {ay, -, a,) of F(ay, -, a,) of order type | F(a;
-+, a,)|. Now define

{x:xeF(d), x <; ap41} if an4€F(A)
Fri@g, - 0u4q) = where @ =<ay, ", apy>

%] otherwise.

LEMMA 4.3. If ASR,1n | 4] =N4en BSNyin |B| =N, then there are
as,--+,a,€A such that B< F,(ay,,a,) and ]F,,(al,---,a,,)l =N,

PROOF OF THE LEMMA. Define by induction on m, elements a,, such that
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1) a,e A

2) B F,(ay,,a,)

3) Nytnm = | Ful@y, - a)| =| AN F(ay, -, a,)]|.

Suppose we have defined g, for [ < m and 0 < m < n, and the induction con-
ditions are satisfied (for m = 0, (2) and (3) are satisfied by the assumptions of the
lemma and definition of F,). We shall define a,.,. Let d = (ay,,qa,). Since
Bc F,(d), |B|=8, <N,4p-m=|Fn(d)| and < isa well ordering of F,(d) of
order-type N,,,_,, which, as a successor cardinal, is regular, it is clear that B is
bounded in F,(d) by the order <, by an element we shall call b,. Similarly, as
| A NF,(@)] =N, p_m thereisa b, e F,(d), b; <;b,,such that| AN {b: beF,(a),
b <;b3}| =N, 1n_m-1. Choose a,, as any element of F,(d) N A which is bigger
(by <,) than b,. (There exists one since | F,(d)| = | F,(@) N A| = ¥, 4n—m> <z has
order type w,;,_, and A is unbounded in F,(d)). Clearly a,,, satisfies the
induction conditions.

Let us return to the proof of the theorem. By our assumptions, N32, = N, ,,

a+tn

hence the number of subsets of X, ,, of cardinality N, is N, ,,. Let
{Bi1i < Wy4n} ={B:BS N4, | B| =N}

Now the following observation is well known (it is proved using 82 = N,).

*) For an infinite cardinality ¥,, a set A of cardinality X,, and a family
{A4;:icI} of subsets of 4, |4,] =N,, |I|=X,, we can find B, < 4,, | B;| = X,,
i#j—B;NB;=(J. Hence we can find a function of f: 4 — A4, such that for
any iel, {f(a): ac 4;} = A.

For any d={ay,"".a,), 4;€N,, |F(d)|=¥,, we can define a one-place
function f;: F,(a) — F,(d) such that if i€ F,(d), B; < F,(d) (or even | B, N F,(d)]
= N,) then {f;(b): be B} = F,(d). I | F,(d)| < N,, define f; arbitrarily. Now we
define the function g which will show the truth of Theorem 4.2:

glag, s @y 1) = feays --sa,>(Ans1)-

We ‘should show that for any A € ¥, |A| =Nyin {9(ay,+,a,41): a,€ A}
=N,,, Let xe¥N,,,, and we shall find a,---,a,,,€4, g(ay, -, a,41) =X.
Choose a subset A* of 4 of cardinality ¥,; thus, by the definition of the B,’s there
is i < w,., such that A* = B,. Let B= B, U {i,x}; clearly | B| = X, and B = N,,,,
hence by Lemma 4.2, there are ay,--,a,€ 4 such that |F,(@)| =X,, BS F,(d)
where d=<{ay, ,a,).

By the definition of f,, since i€ F,(d), B, < B < F,(4), x€ B < F,(d), there is
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an+1 € Bi = A* (= A SllCh that fﬁ(an-f-l): X; hence’ g(ala “"au’an+1) =f¢'z(an+1)=x‘
Thus, the theorem is proved.

5. A combinatorial lemma

Here a colouring of S by x colours is a function C from [S]* into a set of
cardinality x, which is w.l.o.g. x = {i: i <x}.

LeMMA 5.1, Let tp<S, <) = w,e1, N > &%, ¥, = Xand N,, p are regular.
Assume in addition |I| <k and for each tel, C, is a colouring of S by S«
colours. Then there is a set S; = S, | S;| =N, (hence tp(S;)=w, ) such that
for every J <1, |J| <p, and ay,a, €S, as€8, a, < a,, there is an increasing
sequence {b;: 0 <i £ wy) of elements of S, a; < by which satisfies

A) for every telJ, i <j < wy, C(b;,bj) = Clay,a,)

B) for every tel and i <j <k £ wg, C(b;,b;) = C(b;, b,).

REMARK 5.1. If S =w,, (, then S, is stationary.

REMARK 5.2. Assuming G.C.H., « =8, u = k*, the demand on the cardinals
is ‘N, regular, k* < N,”.

ProoF. Without loss of generality, S = w,, ; it is clear that x < Ny < N,.
DefineforanyaeS,A < S, T(a, A)={<b,i,t):tel, be A,and i = C(a, b)}. Now
for any ae§ of cofinality 2 NX;, any J = I, |J| < and any function g: J >k,
consider the following condition:

[*(a,J,9)] for any set A< {b:b <a}, |A| <N, there is a', A<al<a
such that T(a,d) = T(a', 4) and for any teJ, C(a',a)=g(1).

If [*(a,J, )] fails, let A(a, J, g) be a set contradicting it and if [*(a, J, )] holds,
let A(a,J,g) = . Let

A(a) = U{A(a,J,9): T =1, |J| <p, g:J>«}.

From the assumptions on the cardinals it follows that | A(a)| < N,. Hence for
any a € S of cofinality 2 N;, 4(a) is bounded below a, so choose f(a), A(a) < f (a)
<a. Since S'={a:acw,,,, cf(a) 2 N,} is a stationary subset of w,,, and
f(a)<a for aeS', by a well-known result of Fodor [16] f is constant over some
stationary subset S? of S*, and let f(a) = b, for any a e S2. Since the number of
subsets of {b: b < by} of cardinality < Ny is < N,*=N,, the equivalence relation
A(x) = A(y) partitions S? into X, equivalence classes, so at least one of them
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S3 < 82 is stationary. Let A(a) = A, for aeS3. Similarly there is a stationary
S* < S such that T(a,4,) = T, for any aeS*.

Let a, be the first element of S* such that a,> Agand for any g: I— «, if there
are b > a > a, such that for any teI C/(a,b) = g(t) then there are such b,a
with arbitrarily large a (since the number of functions

gil-xis < Ml=rr<8M=x,,

there is such ag). Let S; = {a:ae§%, a, <a}.

Let us show that S, satisfies the conclusion of the theorem. Clearly | S, | = ¥, ;.
Now suppose a, < d,, a,,8,€Sy, azeS, J <1, |J| <p. Define g:J -« by
g(1) = C(ay, a,). By the definition of S, and a,, there are a', a’ € $*, 4, < a' < a?,
a; < a' < a? (hence a',a’eS,) such that for any tel, C(a',a®) = C(fa,,a,),
Clearly f(a') = f(a®) = by, A(a') = A(a?) = Ay, T(a’, Ap) = T(a* A4,) = T, and
A(a?,J,g) < A(a®) = A,. But Ay < a' < a?, T(a', 4p) = T(a?, 4,) and for each
teJ, C(a',a?) = g(f). Hence by the definition of A(a?J,g) the condition
[*(a?,J,9)] should hold. Define b,, = a*, and we now define b;, 0 < i < w, by
induction on i. If i < w; and b; < a? is defined for each 0 <j < i, choose b, as
the first element satisfying B; =[Ad, U {a;} U{b;:j <i}] <b; <a? T(a* B)
= T(b;, B;) and for every te J, Cy(b;,a®) = g(f). This can be done as [*(a%, J, )]
holds. It is easy to see that {b;: 0 < i £ w,) satisfies the demands in the conclusion.

ReMARK 5.3. If a; < a,, by the proof we can choose b,, = a,.

REMARK 5.4. By small changes, we can define a decreasing sequence of
stationary subsets of @, : S; i <, such that for i <j the pair (S,,S;) satisfies
what the conclusion says on (S, Sy).

REMARK 5.5. It may be interesting to look at the following associated colouring

of w41t

C(a,b) = {(91,92): 919, are functions from I to x and for every A <a < b
| A| < &, there is a*, 4 < a* < a such that g,(1)=C/(a*,a), g,(t) = C(a*, b}
we can and T(a, A) = T(a*, A)}.
REMARK 5.6. Extending the definition of [*(a,J,g)]toanyJ = 1,if 22" < N,
we can add to the conclusion of the lemma:

C) foranya,beS, and any g: I-«,[*(a,I,g)] and [*(b,1,g)] are equivalent.
This is true because | {g:g: 1> «}| <2°. We can add this to the construction
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in Remark 5.4 and in addition demand that for any aeS;,;, the set of
(I,9) J<1, |J| <p, g:J>x) for which [*(a,J,g)] is satisfied relative to S;
is independent of a and i.

6. A partition theorem

We shall deal here with an arbitrary 2-colouring of w,,; by two colours,
which will be red ( = 0) and blue ( = 1). Instead of C(a, b) = 0, we say (a, b) is red
(by C) or C(a,b) is red. For simplicity we shall assume G.C.H. « — (f); means
that for any function f: [a]" — x there is 4 < a, tp(4) = B, such that f is constant
over A.

TueorREM 6.1. (G.C.H.) If W, is regular > N, |E]* < 8,, then v, -
(0 + O)3-

PrOOF. Let ¥, = |¢&|*, so clearly N, is a regular cardinal. Let C be a colouring
of @, by red and blue (that is C: [w,,;]* = {0,1}). A subset X of w,,, is red
(blue) if all the pairs from it are red (blue). By Lemma 5.1 we can assume w.lo.g.
that for any a € w, ., there is a red set A > a such that tp(4) = w, + 1 (otherwise
o, +1 has a blue subset of order-type @, . ). Thus we can choose red sets X; < @, 4 4,
tp(X;) = w, for i <w,,, such that X; < X; for i<j<am,,; Let §={X;:
i < w4}, (the order < on S is already defined) and tp<S, <) = w,,,. Let
X(k) be the k’th element of X. We define now several colourings of S:

) for any k,l < w,, C\ (X, X;) = C(X(k), X (D)

0if| {I: C,,(X;, X)) =0}| =N

ﬁ) C*(Xi,Xj) = { I f i J I y
1 otherwise

’))) C**(Xl,XJ) = Sup {k' Ck,k(Xi’ X]) = 0}.

Now by Lemma 5.1 we can define by induction on n a decreasing sequence of
subsets S, of w,,; of cardinality ¥,, such that S, is related to S, as S, is
related to S in the conclusion of 5.1 (where the colourings are the colourings listed
above and W, N, N, ., N, stand respectively for «, u, N4, X,). The proof is now

divided into three cases.
Case I. In S, there are Y; <Y, and | < w, such that C; (Y, Y,) is red and
tplk: k< w,, C,(Y;,Y,) is red} = ¢&.

We choose an increasing sequence k(p) < w, for p< & such that C; (Y3, Y3)
is red. By the conclusion of Lemma 5.1 (with {C,:teJ} corresponding to
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{Cr.1;Cragny: p < £}) there is an increasing sequence Z;, i < w, in S such that for
anyi<jSw,and p <&, C (Z;,Z;), Cry,\(Z;,Z;) are red. It is easy to check that

(Z(D): i < 0} U{Z, (0): k= K(p); p < £}
is a red subset of w,, ; of type w, + &.

Case II. Case I never happens and there are f < w, and Y; < Y, in S, such
that (i) C,,4(Y1,Y,) is blue and (ii) C*(Yy, Y;) = 0.

Choose p ¢ = p < w, such that p— (p); (clearly there is such a p; in fact,
p = & o suffices (see [9])). Using again Lemma 5.1, we can find in S, increasing
sequences (Y': i < w,) and (Z’: j < p) such that:

1) Yi<Z/foranyi<w,j<p

2) for any i < j < w,, Cy4(Y*, ¥’) is blue and C¥(Y' Y’) =0

3) for any i <j < p, Cy, 4(Z', Z7) is blue and C*(Z}Z%) =0

4) for any i' <i* < i’ < p,and k,! < w,, C (Z2"',2") = C, (2", Z7).

We can define an equivalence relation ~ over {Y': i<w,} by Y* ~ Y/if for every
k < p, Cpg(Y',Z¥) = Cp y(Y’, Z*). Clearly there are < 2l < N, < N, equivalence
classes, hence at least one of them has cardinality N,, hence w.l.o.g. there is only
one equivalence class (otherwise we replace the Y"’s by a subsequence of them),
Using p — (p)s, we can similarly replace the Z by a subsequence of the same
length so that (w.l.o.g.)

(A) for any i,j < w,, k,1 < p, Cp J(Y',Z*) = Cp Y/, Z").

If Cp,(Y°,Z° is blue then clearly

{Y(B): i <} U{Z/(B):j < p}

is a blue subset of w, , , of order-type w, + p = v, + &, so we are finished. We can
assume

(B) for any i< w,, k<p, Cpu(Y',Z" is red.

As Case I never occurs and Y! Z*e S, for every i < w,, j < p,

tp{k: k <w,, Cp(Y',2Z)) is red} <&

Hence there is I(i,j) < w, such that I(i,j) £ k < w, implies Cp (Y*, Z7) is blue.

Since ¥, is regular and p < w,, we have that: I(i) = sup,; ., I(i,j) < w,. As lis a
function from w, into w, < 0, and w, is regular, clearly by replacing (Y*: i < 0,>
again by a subsequence of the same length we get that [ is constant, i.e. I(i) = I,.
That is
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(C) forany i < ,,j < pand I, £ k < w,, Cs,(Y', Z) is blue.
Now we define by induction on j < p ordinals k(j) such that
i) lIp<k(j)<o,

i) if i <j then Gy ui)(Z5 Z) is blue

i) Cegjyucp(ZH 2747 is red.

1t is easy to see by (C), (i), (ii) that if we succeed in the definition then

{Y(B): i < @} V{Z(k()):J < p}

is a blue subset of w, .. Suppose we have defined k(i) for every i < j,and j<p
We shall define k(j). By condition (4) of the definition of the Y”’s and Z’s and the
induction hypothesis (iii), for any i <j, Cyy.xq) (Z',Z7) is red. As Case I never
happens and Z', Z/ € S, clearly tp R} < & where

Ri={k: k <o, Cip(Z',2Z%) is red}.

Asj<p <o, <w, N,is regular, clearly R} is a bounded subset of w,, anp
even U, ;RjU{ly} is a bounded subset of w,, say by I. But by condition (3
from the definition of the Y”s and Z"s, C*(Z/,Z/*') =0, that is for ¥, k’s,
Co(Z7,Z7* Yy is red. So there is k(j), IV < k() < @, Cy(jy iy (2% Z7* 1) is red. This
k(j) clearly satisfies the induction condition, hence we define the k(j)’s and so
prove the theorem also in the second case.

Case III. Case I and II never happen.

We can find Y; < Y, in S; such that C, o(Y;, Y,) is blue (otherwise { Y(0): Ye S,}
is a red subset of w,,, of cardinality N,,,). As Case II never happened and
S, € S,, clearly kg = C** (Y;,Y,) < w,. Now we can proceed just as in Case II
up to (C) with S; instead of S,, and S, instead of S;. In the definition of the
Y¥s and Z’’s in (2), (3), instead of C*(Y’, Y/) =0, C*Z',Z’) =0, we demand
ko = C**(Y', YY), ko = C*¥(Z', Z)) respectively.

From this it will follow that for i <j < w,, ko £ k < w,, C,(Z',Z) is blue.
By this and (C), clearly for every k < w,, I, <k, kg <k

{Y(0): i < 0,} U{Zi(ko):j < p}
is a blue subset of w, ;. of order-type w, + p = w, + &, hence we prove the theorem
also in the last case.
REFERENCES

1. J. Baumgartner and A. Hajnal, 4 proof (involving Martin’s axiom) of a partition relation;
Fund. Math., to appear.



Vol. 14,1973 COMBINATORIAL SET THEORY 277

2. P. Erdds and A. Hajnal, On a problem of B. Jonsson, Bull. Acad. Polon. Sci. Sér. Sci.
Math. Astronom. Phys. 14 (1966), 61-99.

3. P. Erdos and A. Hajnal, Unsolved problems in set theory, Proc. Symp. Pure Math. XIII,
Part I, Amer. Math. Soc., Providence, R. 1., 1971, pp. 17-48.

4. P. Erdos and A. Hajnal, Unsolved and solved problems in set theory, to appear in Proc.
Symp. in honour of Tarski, L. Henkin (ed.), Berkeley, 1971.

5. P. Erdés, A. Hajnal and R. Rado, Partition relations for cardinals, Acta Math. Acad.
Sci. Hungar. 16 (1965), 93-196.

6. A. Hajnal, Some results and problems in set theory, Acta Math. Acad. Sci. Hungar. 11
(1960), 277-298.

7. A. Hajnal, Proof of a conjecture of S. Ruziewicz, Fund. Math. 50 (1961), 123-128.

8. B. Jonsson, Homogeneous universal relational systems, Math. Scand. 8 (1960), 137-142,

9. E. C. Milner and R. Rado, The pigeonhole principle for ordinal numbers, J. London Math.,
Soc. 15 (1965), 750-768.

10. M. Morley and R. L. Vaught, Homogeneous universal models, Math. Scand. 11, (1962),
37-57.

11. K. Prikry, On a problem of Erdss, Hajnal and Rado, Discrete Math., to appear.

12. R. Rado, Universal graphs and universal functions, Acta Arith. 9 (1964), 331-340.

13. R. Rado, Universal graphs, in: A Seminar in Graph Theory, Harary and Beinke (eds.),
Holt, Rinehart and Winston Co., 1967.

14. B. Rotman, Remarks on some theorems of Rado on universal graphs, J. London Math.
Soc., Series 1I, 4 (1971), 123-127.

15. S. Shelah, On problems from the list “Unsolved problems in set theory” of Erdis and
Hajnal, Notices Amer. Math. Soc. 18 (1971), 823.

16. G. Fodor, Eine Bemerkung zur Theorie der regressiven Funktionen, Acta Sci. Marh. 17
(1965), 139-142.

DEPARTMENT OF MATHEMATICS,
U.C.L.A., Los ANGELES, CALIFORNIA, U.S.A.

AND

INSTITUTE OF MATHEMATICS,
Tue HEBREW UNIVERSITY OF JERUSALEM
JERUSALEM ISRAEL



